We consider d-fold branched coverings of the projective plane RP 2 and show that the hypergeometric tau function of the BKP hierarchy of Kac and van de Leur is the generating function for the weighted sums of the related Hurwitz numbers. In particular we get the RP 2 analogue of the CP 1 generating functions proposed by Okounkov. Hurwitz numbers weighted by the Hall-Littlewood and by the Macdonald polynomials are the other examples. We also consider integrals of tau functions which generate projective Hurwitz numbers.
Introduction
In the beautiful paper [1] , A. Okounkov studied ramified coverings of the Riemann sphere with arbitrary ramification type over 0 and ∞, and simple ramifications elsewhere, and it was proved that the generating function for the related Hurwitz numbers (numbers of nonequivalent coverings with given ramification type) is a tau -function for the Toda lattice hierarchy. Later the links between the study of covers and integrable system were further developed using various approaches in [16] , [17, 18] , [19] , [20] , [21] , [22] , [26] , [46] , [47] , [48] . All these works are devoted to the counting of covers of the Riemann sphere which was related to the Toda lattice hierarchy according to the seminal observation [1] .
The Frobenius formula for the Hurwitz numbers enumerating d-fold branched coverings of Riemann or Klein surfaces contains the sum over irreducible representations λ of the symmetric group S d (see [11] [12] [13] [14] [15] 23 
])
H Ω (d; ∆ (1) . . . ,
where e is the Euler characteristic of the base surface Ω, ∆ (i) are profiles over branch points on Ω, d λ is the dimension of the irreducible representation of S d , and
χ λ (∆) is the character of the symmetric group S d evaluated at a cycle type ∆, and χ λ ranges over the irreducible complex characters of S d , labeled by partitions λ = (λ 1 , . . . , λ ℓ ). The convenient notion of the normalized character, ϕ λ , we took from [17] . Each profile ∆ (i) is a partition of d -the set of non-negative non-increasing numbers (d The Hurwitz numbers form a topological field theory [2] . They are used in mathematical physics (for instance in [2] ) and in algebraic geometry [23] .
Our paper deals with the counting of the covers of the projective plane RP 2 , the related Hurwitz numbers will be called projective ones. In this case we found that it is a different hierarchy of integrable equations which is related to the problem: this is the BKP hierarchy introduced by V.Kac and J. van de Leur in [24] 1 . In certain sense this hierarchy is very similar to the DKP one introduced in [27] , however the difference between D and B types is crucial for the counting problem we need (see Remark 14 in the Appendix). Somehow the BKP hierarchy of Kac-van de Leur is not well-known, though it has applications to the so-called orthogonal and symplectic ensembles of random matrices [43] and some other models of random matrices and random partitions [31, 38, 44] . We are going to show that the BKP tau function of the hypergeometric type introduced in [38] generates Hurwitz numbers for covers of RP 2 . The tau function of the hypergeometric type may be written as follows
where s λ is the Schur function [37] , related to a partition λ = (λ 1 , . . . , λ ℓ ), ℓ(λ) denotes the number of nonvanishing parts of λ. Here g(n) is an unimportant function of the parameter n defined in the Appendix B. The product in the right hand side ranges over all nodes of the Young diagram λ, j is the column and i is the row coordinate of the node of λ depicted in English way where the diagonal spreads down and right from the origin. Two discrete parameters N and n and the set p = (p 1 , p 2 , . . . ) are called the BKP higher times [24] 2 . r is an arbitrary chosen function of one variable, it will be specified according to the needs of our work. The number j − i is called the content of the node located at i-th row and j-th column of the Young diagram related to λ; the product over all nodes of the Young diagram in the right hand side of (3) is called content product (the generalized Pochhammer symbol). Content products play an essential role in the study of applications of the symmetric group (see [26] and references therein).
In the present paper we chose two different types of parametrizations of the function r which defines the content product in (3). The first is
The second:
The complex numbers c,t, {ζ m , m > 0} and {ξ m , m ∈ Z} are free parameters. In both cases there are precise formulae for the related content products given by Propositions 1 and 2. Let us write it down for the case (5):
in (6) 
Depending on its weight Γ is either the partition (1) or is a partition whose weight d exceeds its length by 1: d = ℓ(Γ) + 1 in case d > 1. We may occasionally replace c by 1 and by e ζ0 .
As we see the content product for a partition λ is expressed in terms of the Schur functions labeled by the same partition. Thanks to the characteristic map relation [37] 
formula (6) produces series in ϕ λ which, in turn, due to the summation over partitions λ in (3) allows to consider (3) as the generating function for Hurwitz numbers (1) . We notice that the dependence on the factor d λ disappears from the expression (6), then it follows that in such generating series for the numbers (1) the exponent e is equal to 1. Therefore we obtain generating series for the projective Hurwitz numbers (to be precise -for weighted sums of the projected Hurwitz numbers where the weights depend on the specification of the parameters ξ).
Here and below the notation p ∆ serves for the product p d1 p d2 · · · where d i are the parts of the partition ∆: ∆ = (d 1 , d 2 , . . . ). In case (4) the content product related to λ also expressed in terms of ϕ λ and keeps the Euler characteristic equal to 1.
Remark 1.
As we see the sum λ∈P i,j∈λ r(n + j − i) also may viewed as the generating function of the Hurwitz numbers for the base surface of the Euler characteristic equal to zero. In case of the specification (4) such sums may be related to the characters of the Lie algebra of differential operators on the circle as it was studied in [9] . See also Remark 12 below.
Both choices of the content products, (4) and (5), contain the direct analogue of the Okounkov generating series, now, however for the covers of RP 2 . It is enough to put ζ m = 0, m = 1 in (4), or, to put all ξ m = 0, m ≥ 0 except any one in (5), where we need to consider the limit t → 1 with some rescalings in all these cases except m = 0.
Using respectively (4) and (5) we obtain two different types of the generating functions of the projective Hurwitz numbers. The first one arising from (4) may be compared to the approach based on complete cycles developed in [17] (where the CP 1 case was studied). The second one, obtained from (5), is related to a 'q-deformation' of the previous case (where instead of q we use the letter t) which in turn may be compared to the approaches developed independently in [45] and in [48] . We will show that in the "q-deformed" (or, "trigonometric") case the Hall-Littlewood and the Macdonald polynomials naturally appear as weight functions in weighted sums of the Hurwitz numbers (in the present paper we study the weighted sums for the RP 2 case). The structure of the paper is as follows. In Section 2 we find the content products for cases (4) and (5) . The answer is respectively given by Propositions 1 and 2.
3 In Section 3 we recall some facts about Hurwitz numbers and introduce weighted sums of the projective Hurwitz numbers. Here we use the suggestion [47] to weight Hurwitz numbers with the help of symmetric functions. We use Macdonald polynomials and their special cases: Jack and Hall-Littlewood ones. The parameter t of (5) is the HallLittlewood parameter. In Section 4 we recall the notion of the BKP hierarchy and of the special class of BKP tau functions called hypergeometric ones. In Section 5 main results are written down. We show that tau functions (3) where we take either (4) or (5) generates the weighted sums of the projective Hurwitz numbers previously written down in Section 3. We show that for the choice of the content product as in (5) the sums weighted by Hall-Littlewood polynomials with the parameter t naturally appear. In the last section we present certain integrals over matrices where the integrands include the simplest BKP tau function τ BKP 1 which relates to the specification r = 1 in (3). We show that these integrals generate projective Hurwitz numbers. These generating functions may be not BKP tau functions themselves.
To end the introduction let us mark that if in (3) we take r as in (4) and choose p = (1, 0, 0, . . . ), then due to relations in Appendix C we notice that (3) is a discrete version of the partition function of the orthogonal ensemble of random matrices:
where as we shall see the variables ζ and p * are related via V (p
. From [43] we know that (8) is the BKP tau function where the variables p * play the role of the BKP higher times. In a similar way we may obtain a discrete analogue of the circular β = 1 ensemble choosing (5), see Remark 10 in Section 4 which proves that for a certain specification of p the series (3) is a BKP tau function with respect to the variables ξ.
It may be interesting because β = 1 ensembles generates Mobius graphs related to n-gulations of non-orientable surfaces, see [50] and references therein.
The very idea to treat series in partitions as discrete matrix models was exploited by V. Kazakov and co-authors, see for instance [25] . Relations which equates the generating series of Hurwitz numbers to discrete matrix models may be obtained with the help of formulae in Appendix C and are given by Remarks 4, 9, 10. Now we shall study the written above in detail. This paper is a short version of [45] with few additional parts.
Content products
Let us consider the sums of all normalized characters ϕ λ evaluated on partitions ∆ with a given weight d, d = |λ| = |∆| and a given length ℓ(∆) = d − k:
For example φ λ (0) = 1. There is the single partition of the weight d and the colength, ℓ * (∆) := |∆|−ℓ(∆), equal to one, here and below this partition will be denoted by Γ (in case
which is related to the cyclic profile. 
where the sum ranges over all branch points.
where ζ is the semiinfinite set of parameters ζ = (ζ 1 , ζ 2 , . . . ) and V is defined by (9) , then
where 
In (13)
where |λ| = |∆| and ℓ * (∆) := |∆| − ℓ(∆) (the colength of the partition ∆), and where
In (18) 
Let us write down two first Φ λ (m) for |λ| ≥ 4. For m = 1 the only contribution to the integral (15) is due to the term of the order a −1 in the product in the integral. And so on. We obtain
As we see from (19) each Φ λ (m) may be expressed only in terms of φ λ . The proof of (15)- (16) 
which may be obtained from relations in [37] , see Appendix C. The idea of the proof of (18) is as follows. One may take arbitrary ζ in form
m with large enough M . In this case r of (11) takes the form
Then the content product (12) may be evaluated with the help of (22) . The same we obtain if we substitute the chosen ζ into relation (13) where Φ λ (m) are given by (18) . Next, (19) is obtained from (18) .
Remark 3. Proposition 1 may be related to the well-known results [17] on Hurwitz numbers and the completed cycles as follows. In [17] the generation function for Hurwitrz numbers of covers of CP 1 in form
was studied and identified with a specification of the KP hypergeometric tau function [32] , [35] . The prefactor of this KP hypergeometric tau function coincides with the right hand side of (12) . Then it follows from (14) that
Two further remarks on (23). (23) . Then the variables p * may be identified with the KP higher times because the expression (23) yields a discrete version of the one-matrix model (the unitary ensemble), quite similarly to (8) which describes a discrete model the orthogonal ensemble. (B) Let us also note [39] that for the choice p (23) is a discrete version of the Kontsevich model:
where ξ is the collection of parameters ξ 0 and ξ ± = (ξ ±1 , ξ ±2 , . . . ), and where V is defined by (9) . Then
where
, and where
where |λ| = |∆| = d and ′ denotes the sum over all partitions except
denotes the number of parts of ∆ equal to i. In formula (29) first we take the derivative with respect to p 1 , then evaluate the power sum variables p:
The proof is similar to the previous case but instead of (22) we use another relation:
and
which may be obtained from results of [37] . We replace q → q n and consider the n-th power of (31) getting (30) from the right hand side of (31) where we insert (33) . Then (29) follows from (30).
Remark 5. Apart of relations (27) - (30) one may also write
which is the analogue of (18).
Let us mark the similarity of relations (32)- (33) to the scalar product of the power sums symmetric functions where the Macdonald's symmetric functions are orthonormal, see [37] . We have Remark 6. For ξ− = 0 Let us re-write eq. (25) as follows
where Pµ and Qµ are Macdonald polynomials with parameters q and t evaluated at the q = 0 (namely, these are Hall-Littlewood polynomials). Here the notations are the same as in [37] , however here Pµ and Qµ are written as functions of power sums variables which are p
. . for the second Hall-Littlewood polynomial Qµ. We remind [37] that the scalar products of power sums and of the Macdonald polynomials with the parameters q and t may be written as
The number zµ is defined by (35) The Hurwitz number
) is defined by a connected surface Ω and partitions
) is the weighted number of branched coverings of the surface Ω by other surfaces (connected or non-connected) with fixed critical values z 1 , . . . , z f ∈ Ω of topological types ∆ (1) , . . . , ∆ (f) . More precisely, z ∈ Ω is the critical value of the branched covering f :
is called the topological type of the critical value z. We say that branched coverings f ′ : Σ ′ → Ω and f ′′ : Σ ′′ → Ω are the same, if there exists a homeomorphism g :
where the sum is taken over all branched coverings f of Ω, with the critical values z 1 , . . . , z f ∈ Ω of the topological types ∆ (1) , . . . , ∆ (f) respectively. This number is independent of the positions of the branching points z i .
The Hurwitz numbers arise in different fields of mathematics: from algebraic geometry to integrable systems. They are well studied for orientable Ω. In this case the Hurwitz number coincides with the weighted number of holomorphic branched coverings of a Riemann surface Ω by another Riemann surfaces, having critical values z 1 , . . . , z f ∈ Ω of topological types ∆ (1) , . . . , ∆ (f) respectively. The well known isomorphism between Riemann surfaces and complex algebraic curves gives the interpretation of the Hurwitz numbers as the numbers of morphisms of complex algebraic curves.
In this work we consider the Hurwitz numbers for non-orientable Ω without boundary. They have also two other interpretations: as the numbers of the branched coverings of a Klein surface without boundary by another Klein surface, and as the number of morphisms of real algebraic curves without real points. Klein surfaces are factors of Riemann surfaces by antiholomorphic involutions. They correspond to real algebraic curves. Real points of real curves correspond to fixed points of the involutions and boundary points of the Klein surfaces (see [3] [4] [5] ). In this paper we consider only surfaces without boundaries. But an analog of the Hurwitz numbers for surfaces with boundaries also exists ( [6, 7] ).
The 
where m i denotes the number of parts equal to i of the partition ∆ (then a partition ∆ is often denoted
The Frobenius formula [11] [12] [13] [14] [15] 23] says that
where e is the Euler characteristic of Ω and χ ranges over the irreducible complex characters of S d , associated with Young diagrams of the weight d. This is the relation (1). In our case Ω = RP 2 and
Weighted sums of Hurwitz numbers. Below we will consider combinations of normalized characters written as follows
where (*) denotes a chosen (polynomial or not polynomial) function in many variables where the role of variables play the normalized characters ϕ λ evaluated at all possible different partitions of the number d. According to (1) in case d ≤ N this sum is a weighted sum of the projective Hurwitz numbers. The parameter N is an arbitrary integer and in this work we will not care about this unequality. Weighted sums presented below can be compared to the weighted sums studied in [47] where statistics of the CP 1 Hurwitz numbers compatible with the property of the integrability of the related generating series was studied. Let us notice that though we can not choose functions (*) in an arbitrary way, there are infinitely many ways to choose them, we are interested in those which are related to BKP tau functions in a natural way.
The factor (*) appears due to the content product in the formula for hypergeometric tau functions. Weighted sums below are labeled by a given partition µ = (µ 1 , µ 2 , . . . ). Our examples are as follows. I. In case (4) we will weight Hurwitz with the help of symmetric functions viewed as functions of the power sums variable, the role of power sums play (Φ λ (1), Φ λ (2), . . . ) defined by (19) and (φ λ (1), φ λ (2), . . . ) defined by (10) .
(a) Hurwitz numbers weighted by power sums monomials built of (
This is a linear combination of Hurwitz numbers of (both connected and disconnected) d-fold covers with the profile ∆ at ∞ and ℓ(µ) different branch points, and Euler characteristic of the covers is
This follows from the Hurwitz formula for a d-fold covering E ′ − Ed = i (ℓ(∆ i ) − d) where the sum range over all branch points, where E ′ and E are Euler characteristic respectively of the cover and of the base.
In case we choose µ = (1 b ), the integer C µ (d; ∆) counts the number of branched non-equivalent coverings of the projective plane with a given ramification profile at some point and b simple branch points
For µ = (1 b 2) by (21) we obtain
(b) Hurwitz numbers weighted by Jack polynomials viewed as the functions of the power sums variables (Φ λ (1), Φ λ (2), . . . )
is the (dual) Jack polynomial in notations of Ch VI, sec 10 of [37] written as the function of the following power sums variables (not mix it with the previous case) Φ λ = (Φ λ (1), Φ λ (2), . . . ), and Φ λ (m) are given by (19) .
(c) Hurwitz numbers weighted by power sums monomials built of (φ λ (1),
which is the sum of the Hurwtitz numbers of all d-branched covers of RP 2 with k + 1 ramification profiles given by an arbitrary partition ∆ and partitions ∆ s , s = 1, . . . , k whose lengths are given numbers: ℓ(∆ s ) = µ s . This case was previously studied in [45] . II. In case (4) we will weight Hurwitz with the help of symmetric functions viewed as functions of the power sums variable, the role of power sums play (T λ (t), T λ (t 2 ), . . . ) defined by (27) . In the examples below the prefactor (*) is not a polynomial function of ϕ λ . For a given partition µ we introduce t-dependent sums (d) Hurwitz numbers weighted by power sums monomials built of (T λ (t), T λ (t 2 ), . . . )
and T λ (t µi ) are defined by (27) . (e) t-dependent sums weighted by Jack polynomials
where Q (α) µ (T λ ) is the Jack polynomial which is viewed as functions of power sums variables which are
. (see Remark 6). (f) sums weighted by Macdonald polynomials
where Q q,t µ (T λ ) are Macdonald polynomials which are viewed as functions of power sums variables which are
). Let us note that the idea to weight (the CP 1 ) Hurwitz numbers by symmetric functions first was worked out in [47] where {h µ , m µ }, {e µ , f µ } also {s µ } and {p µ } basis sets (see [37] ) were used. The notion of q-deformed Hurwitz numbers considered in [47] is based on q-dependent specifications of the parameters ζ in the case (4), and does not include the case (5) .
Next let us show that numbers C µ (d; ∆), K µ (d; ∆|t) and J 
BKP tau functions.
BKP hierarchy of Kac and van de Leur. There are two different BKP hierarchies of integrable equations, one was introduced by the Kyoto group in [27] , the other was introduced by V. Kac and J. van de Leur in [24] . We need the last one. This hierarchy includes the celebrated KP one as a particular reduction. In a certain way (see [44] ) the BKP hierarchy may be related to the three-component KP hierarchy introduced in [27] (earlier described in [28] with the help of L-A pairs with matrix valued coefficients). For a detailed description of the BKP we refer readers to the original work [24] , and here we write down the first non-trivial equations for the BKP tau function (Hirota equations). These are 1 2
The BKP tau functions depend on the set of higher times t m = 1 m p m , m > 0 and the discrete parameter N . In [38] the second discrete parameter n was added and equation (44) relates BKP tau functions with neighboring n. The complete set of the Hirota equations with two discrete parameters is written down in the Appendix.
The general solution to Hirota equations may be written as
where P is the set of all partitions and where A λ solves Plucker relations for isotropic Grassmannian and may be written in a pfaffian form.
BKP tau function of the hypergeometric type. We are interested in a certain subclass of the BKP tau functions (45) introduced in [38] and called BKP hypergeometric tau functions, which may be compared to in the similar class of TL anf KP tau functions found in [32] , [33] . Similar to [33] we construct it as follows. Given arbitrary function of one variable r we construct the following product r λ (x) := i,j∈λ
which is called the content product (or, sometimes, the generalized Pochhammer symbol attached to a Young diagramm λ). Examples were considered above.
We consider sums over partitions of form
where P is the set of all partitions, s λ are the Schur functions [37] and p denotes the semi-infinite set (p 1 , p 2 , . . . ). It was shown in [38] that (47) is an example of the BKP tau function for any choice of the function r. We call it the hypergeometric BKP tau function because it is constructed via the (generalized) Pochhammer symbol. The variables p are related to the called higher times in the soliton theory t = (t 1 , t 2 , . . . ) via p m = mt m . The constant g(n) is not important and may be found in Appendix B, see (88). Examples of the BKP hypergeometric tau functions. As examples of the BKP tau functions let us use content products studied above using also (7) .
Example I. First we choose (11) for the content product. Using (7) we write down the following example
where h i (λ) = λ 1 − i, and where
which is obtained from (15) where Φ λ (m), m > 0 is given by (19) and where we put Φ λ (0) = |λ|. For the sake of simplicity we put n = 0 in examples Ia, Ib below. 
which is a discrete analogue of the following two-matrix integral
where the first integral is the integral over unitary matrices and the second is the integral over real symmetric ones, dU and dR denote the correspondent Haar measures. Y is any diagonal matrix (a source). The matrices are N by N ones. This integral may be viewed as an analogue of the Kontsevich integral.
Example Ia. In (48) one can specify the variables ζ as
where a s ∈ C. If we restore the dependence of tau function on n we obtain
where a and n are respectively the collections of complex parameters a 1 , . . . , a k and n 1 , . . . , n k . For n s = ±1 we obtain the pfaffian version of the hypergeometric function of matrix argument [35] . Tau function (51) where generates certain linear combinations of the projective Hurwitz numbers, see [45] .
Example Ib. Let us take all n s equal to 1 α in the previous example. We obtain
are dual the Jack polynomials written in notations of Ch VI [37] . Here the first Jack polynomial, P (α) µ , is the symmetric function of the variables −a(n) = (−a 1 − n, . . . , −a k − n) while the second Jack polynomial Q (α) µ (Φ λ ) should be viewed as the quasihomogeneous polynomial in power sum variables Φ λ := (Φ λ (1), Φ λ (2), . . . ).
Example II. Next we use (24) and (7) getting
The variables p * (s) are related to the variables ξ (s) by p * m = ξ m t m t m −1 . For k = 1 (here we will re-denote p * (1) → p * ) and p * m = 0, m < 0 we have
where P 0,t λ and Q 0,t λ are the Macdonald polynomials specified by q = 0 (Hall-Littlewood polynomials), see Remark 6.
Remark 10. Given s let us specify p = p(q s , ts) according to (32) . Then it may be derived from Appendix C that the series (53) solves the BKP Hirota equations with respect to the variables p * . In case |ts| and is not a root of 1, τ BKP of (53) is basically a discrete version of the circular β = 1 ensemble
with a certain weight function µ independent of p * , see [38] . This may be compared to Remark 4 and to the discrete version of the orthogonal ensemble (8) .
Consider specifications of the variables ξ in (53).
Example IIa. First, we put each ξ (s) m = 0, s = 1, . . . , k. Then the content product depends only on the parameter ξ 0 . We obtain an analogue of Okounkov tau function
Example IIb. Now, take ξ 0 = 0 and
We obtain
where t, q, n are sets of complex numbers t s , q s , n s , s = 1, . . . , k.
In case n s = ±1, s = 1, . . . , k the tau function (58) is the pfaffian version of Milne's hypergeometric function [34] .
Example IIc. In the previous example we take all n s equal to 1 α and all t s equal to t. We obtain
where P (α) µ and Q (α) µ are dual the Jack polynomials written in notations of Ch VI [37] . Here the first Jack polynomial, P 
where {c, τ, a, n} are sets of complex numbers {c s , τ s , a s , n s , s = 1, . . . , k}, and where
is the elliptic version of the Pochhammer symbol, θ is the Jacobi theta function
where (q s ; q s ) ∞ . For this example we chose c = (q s ; q s ) ∞ in (53). For n s = ±1 we obtain the pfaffian version of an elliptic hypergeometric function considered in [33] . Example IIe. In (55) we choose k = 1, n = 1. Let us take take
all other variables vanish. (This is actually a specification of the previous Example Ib where k = ∞.) Then
The content product is equal to i,j∈λ m>0
where the Macdonald function P q,t µ is the symmetric function in the variables Y = (y 1 , . . . , y k ) and the Macdonald function Q q,t µ is written as the function of the power sums variables T λ = (T λ (t), T λ (t 2 ), . . . ), see Remark 6. The tau function (55) takes the form 
where P q,t µ and Q q,t µ are Macdonald polynomials, see Remark 6. The last equality follows from (26).
Remark 11. Formulae (51) may be obtained as the limiting case of (58) if we take q s = t as s and send t → 1 taking into account that for the hypergeometric tau functions (47) there is the obvious transformation r λ → a −|λ| r λ , pm → apm, m > 0, which does not change the tau functions.
In this limiting case polynomials P q,t and Q q,t goes to Jack polynomials [37] , compare to (52) .
Remark 12.
One may prove the relation between generating functions in e = 1 and e = 0 cases (see Remark 1)
which follows from e
see [38] , which is the known expression for the sum of the Schur functions over partitions (see Ch I [37] ) rewritten in power sums variables. We need to replace each pm by∂m = m ∂ ∂pm in (65) and take into account the known property [37] 
5 BKP tau function as the generating function for the weighted sums of Hurwitz numbers.
From the results of the previous sections and Remark 2 we find Proposition 3. The tau function (48) generates the numbers C µ (d; ∆) (36) as follows
where z µ is defined by (35) 
which is the RP 2 analogue of the Okounkov generating function [1] .
The representation of this series in form of a matrix integral is written down below, see (77). 
where P In (68) the Euler characteristic of the cover is given by e ′ = ℓ(∆) − |µ|. Weighted sums of Hurwitz numbers generated by the BKP tau functions (58) and (51) are written down in our previous work [45] . The simplest example resulting from (51) is similar to considered in [46] and is presented as follows.
Proposition 5. The tau function (51) where we put n s = 1, s = 1, . . . , k generates sums S RP 2 defined by (39) :
= g(n)
The similar statement about CP 1 Hurwitz numbers was made in [46] .
In (70) the Euler characteristic of the cover is given by
Next we go to the t-deformed case. For the sake of simplicity we assume that the parameter ξ 0 which is responsible for the simple ramifications vanishes.
Proposition 6. The tau function (55) generates the numbers K µ (∆|t) (40) and the numbers as follows
where z µ is defined by (35) (41) ):
At last (42) ):
Matrix integrals as generating functions of Hurwitz numbers
Here in very short we will write down generating series for Hurwitz numbers in RP 2 case which may be not tau functions themselves but may be presented as integrals over tau functions of matrix argument. In CP 1 case a number of examples were studied in works [21] , [41] , [18] , [51] , [22] , [23] , [20] . For more details of the RP 2 case see [45] . Here we shall consider few examples. All examples include the simplest BKP tau function of matrix argument X [38] defined by
as the multiplier of the integrand. Other multipliers are the simplest KP tau functions τ KP 1 (X, p) := e trV (X,p) where V is defined by (9 
in a similar way as it was done in [39] using ϕ λ (Γ) = i,j∈λ (j − i) one can derive
where k is unimportant multiplier, M is a normal matrix with eigenvalues z 1 , . . . , z N and log |z i | = x i , and where dM = d * U i<j |z i − z j | 
The similar representation of Okounkov CP 1 series was earlier presented in [49] . Example 2. Three branch points case. Integrals of tau functions of matrix argument were considered in [40] where TL tau functions of hypergeometric type were used as integrands. Now we need BKP tau functions. We shall write down examples. For details see [45] .
Below we use the following notations
• d * U is the normalized Haar measure on U(N ): U(N ) d * U = 1
• Z is a complex matrix, Z = U X(1 + J)U † (the Schur decomposition), where X = diag(z i ) is diagonal, J is strictly upper triangle, U ∈ U(N )
where the part related to the upper triangular factor in brackets is not important for our problems.
• M is a normal matrix, Z = U XU † , where X = diag(z i ) is diagonal, U ∈ U(N ) 
Remark 13.
In what follows, for unification and to save space, we shall use the notation M and M * replacing the pairs Z, Z † , M, M † and also H (1) , H (2) . In the last case the matrices M and M * are not related by the Hermitian conjugation.
These measures provides the relation
where a = C, N, H and (N ) λ := i,j∈λ (N + j − i) is the Pochhammer symbol related to λ. This relation was used in [29] , [30] , [40] , [18] , [39] , for models of Hermitian, complex and normal matrices. 
where V is given by (9) and p ∞ = (1, 0, 0, . . . ). Example 4. Integrals over complex matrices. A pair of examples. The generating series for the sums of the projective Hurwitz numbers in a way that k arbitrary profiles are fixed and the sum ranges over all possible k + 1-th profiles which has the length equal to a fixed number l (compare to (39) ):
